The forwarding diameter of graphs  by De La Vega, W.Fernandez et al.
DISCRETE 
APPLIED 
MATHEMATICS 
ELSEVIER Discrete Applied Mathematics 86 ( 1998) 201-Z I 1 
The forwarding diameter of graphs 
W. Fernandez De La Vega a,*, M. El Haddad a,‘, D. Barraez b, 
0. Ordaz b,* 
a UnicersitP Paris-XI, Centre d’Or.ray, LRI, Bdt. 490. 91405 Orsuy Cedex, France 
bDepartamento de Matematicas, Uniwrsidud Central de Venezuela. Apartado 47567 Caracas 1041-A, 
Venezuela 
Received 23 November 1992; received in revised form 23 January 1998; accepted 2 Fcbrauq 1998 
Abstract 
A routing R in a graph G is a set of paths {RX,, : x, y E V(G)} where, for each ordered 
pair of vertices (x, y), RXy links x to y. The load <(G, R, x) of a vertex x in the routing R is 
the number of paths of R for which x is an interior vertex. We define the forwarding diameter 
p( G, R) of the pair (G, R) by 
AC, R) = max., c S(G,R,z) 
ztR,,.-_lx.r) 
and the forwarding diameter /J(G) of G as the minimum of p(G, R) taken over all possible 
routings. In this paper, the introduction of the parameter p(G) is motivated by a natural model 
of message transmission in networks and we present several properties of p(G). In particular, we 
study the value of /J for several families of graphs such as the hypercube and the de Bruijn graphs 
and we also study the connection of p(G) with previously introduced transmission paramctcrs. 
1998 Published by Elsevier Science B.V. All rights reserved. 
1. Introduction 
Let G( V, E) be a simple connected graph on n vertices with vertex set V and edge- 
set E. An edge between two vertices x and y is denoted by xy and d(x, y) denotes 
the distance between x and y in G, i.e the length of a shortest path between x and y. 
A routing of G is a set R = {RX, : x, y E V(G),x # y} of simple paths connecting 
each ordered pair (x, y) of vertices of G. Thus, RXY is not necessarily the same as R,. 
The load t( G, R,x) of a vertex x in the routing R is defined as the number of paths 
of R for which x is an interior vertex. 
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The vertex-forwarding index of the pair (G,R) is defined as 
The vertex-forwarding index of G [l], denoted by if(G), is defined as the minimum 
of the forwarding indices &G,R) taken over all possible routings: 
c(G) = rnp t(G,R). 
This index appears to be a good measure of the maximum congestion of the nodes in 
a network in which the message traffic is nearly equal for the distinct pairs of nodes. 
We shall now define another index which appears to be more suited for the case where 
one wants to minimize the maximum message transmission delay. 
Let us define, for a given routing R, the mapping PR : v2 ---f R by 
pRtxsY) = c &GO). 
ztR,,.-{x,y) 
We define the forwarding-diameter p(R, G) corresponding to the routing R by 
and the jbrwardiny-diameter p(G) of G by 
P(G) = mjn pL(G,R), 
where the minimum is taken over all possible routings. 
2. The index p(G) and transmission delays in queing networks 
The index p(G) is relevant in the following “queing network” context ([5-71): 
Queing network 
The simplest instance of a queing network is defined by 
- A graph G 
- Two parameters: p (intensity of emission or intensity of the customers arrivals in 
the queue’s jargon) and v (transmission intensity or service intensity) 
- For each ordered pair (x, y) E V(G)2 a (possibly empty) set of paths {R,,; : 
1 <i < 4(x, y)} of G linking x to y, which indicate the possible sequences of queues 
that a customer entering the network in x may use before leaving at y. The 4’s are 
given non-negative integers and if they are all equal to 1 we have a routing. 
Queing process 
We describe what may be the simplest evolving process of a queing network. (We 
do not specify the distribution of the state of the network at time 0.) 
_ For each pair (x, y) and for each i, 1 <i <4(x, y), customers which are obliged to 
follow the path PXY.;, enter the network at x at random time intervals with a common 
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exponential distribution with parameter +u, i.e. with cumulative distribution function 
F(t) = 1 - eejL’. 
~ In each vertex (queue), the first customer is served (and directed to its next 
destination) within a time interval which has again an exponential distribution now 
with parameter v. (Thus, nothing happens at a vertex where there are no customers 
waiting.) One could also assume that the service time is constant. 
We suppose from now on that, for each pair of vertices X, y E V(G), we have 
&(x, y) = 1 and we will set R, ,’ = R, ,..I, in accordance with our previous notation. 
The theory of queuing networks provides the following theorem (see [5]). 
Theorem 2.1. Suppose pv-’ maxi c, < 1. The joint distribution of the queue lengths 
L,(t), j = 1, . . . . n, ut the distinct certices tends to u limit as t + 0~. In the limit 
distribution the queue lengths ure independent und their individuctl Irr~.r tire given hq 
whew c, is the loud qf wrier j for the rout&g corresponding to the puths R,, 
The average queue length is thus 
ELj=(l -/Kj)C??Z(~r-‘Cj)ni= ’ -“’ f l -I\ 
and the average time ET,, needed by 
satisfies 
1 - ‘ULv+, \ 1 - PV”., ‘/I 
1 - 
) 
1 - /II’-‘cj ’ 
an x + _v costumer to go through the network 
ET,,; = C ELj N C ,LL’\‘-‘Cj 
/‘CR,, KR,, 
(1) 
if pcJ = o(1). 
Clearly, ET,, is a basic measure of the behaviour of the network along the path RI,., 
which has an obvious economical interpretation. We propose to consider the function 
which, by (1 ), is very we11 approximated by choosing a routing R which minimizes 
the transmission diameter. This is the motivation for our parameter p(G). Clearly, this 
is not the only natural optimization criterion. One could also consider, for instance, the 
criterion 
minR c ET,,; . 
.‘;1 
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3. The forwarding diameters of the cycle and the wheel 
We treat the case of the cycle Cz,, on an even number of vertices {x0,x1,. . ,x2+1 }. 
The case of an odd number of vertices is similar and is omitted. Let c(xi), 0 <i < 2n- 1, 
denote the load of the vertex Xi in a fixed routing R and let 
i+n-I 
4%) = C C(Xj), 
j=i 
where the subscripts are mod(2n). Then, clearly 
2n-1 
V(xi) + V(Xi+n) = C C(Xj) = T, (2) 
j=O 
say, which is the total charge of the vertices. Let 6i = v(xi) - V(Xi+n). Since the sum of 
the hi’s vanishes, there exists necessarily at least an index j for which the inequalities 
Sj = V(Xj) - V(xj+n) 2 0 
and 
dj+l =V(xj+1)-V(xj+1+n)d0 
hold. We have 
Sj - Sj+l = C(Xj)+ C(Xj+2n)- 2C(Xj+,)<2 IEiXiC(Xi), 
where x,+2,, = xj. 
Then, using (2) we obtain 
T+Sj T 
V(Xj) = --y- > 2 - IllaXj C(Xj). (3) 
A similar inequality holds for v(x~+~). 
A lower bound for T is obtained by considering a routing of shortest paths 
T>2n(n - 1)+2n 
We have 
pRLR(xj,xj+n) 2 min(vbj), V(Xj+n)) - rnf= C(Xi), 
By considering a routing R for which x is an interior 
vertices distinct from x and which are not neighbours 
C(Xi) <((2n - 1)(2n - 2) - 2 - 2(2n - 3) = (2n - 
(4) 
vertex for any path linking two 
in the cycle, we get 
3)(2n - 2), 1 <i<n. 
Using this upper bound for maxjc(xj),(3) and (4), we obtain 
pR(Xj,Xj+n)>n(n - 1)2 - (2~ - 3)(2n - 2) = n3 - 6n2 + 1 In - 6 
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This gives of course a lower bound for p(&). Putting this together with the upper 
bound given by the routing of shortest paths we obtain 
?r3 -4??+7n-46~(C2,)<(n- 1)s. 0 
Remark. One of us (D. Barraez) has obtained a more precise result for the case of 
the odd cycle. In this case the forwarding diameter is achieved by a routing of shortest 
paths. 
For each n 23, the wheel W, is the graph of order n + 1 obtained by joining the 
vertices of the n-cycle to an extra vertex called the center. In this section, we calculate 
a lower bound for the forwarding diameter of the wheel which is asymptotically equiv- 
alent to the upper bound obtained by using shortest peripheric paths for the pairs (x, y) 
with x and )’ distinct from the center. Let us consider some fixed routing R. Let n, 
denote the number of routes in R of length at least 2 and which do not go through the 
center and let us put n, = En*. Clearly, there are at most 2an2/3 of these routes with 
length <en/3 and thus at least sn*/3 of these routes with length 2&n/3. Let us now 
divide the circle into consecutive arcs with lengths [m/6j. Any route of length 3 m/3 
necessarily covers at least one of these arcs. For routings R,> with e = sn = o(l), 
we have p(R,, W,)>( 1 - &)n* = n2 - o(n*) which is asymptotically equivalent to n* 
as n + cc. Thus, we can suppose En * = @(n2), m/6 = O(n) implying that that the 
number of arcs which clearly does not exceed In/( j~r/6J )I, is bounded above by 7/s. 
At least one of these arcs must therefore be covered by at least 
8n2/3 1-:*n2 
7/r: = 21 
paths. Now, the value ,UR(U,U) of the forwarding distance corresponding to any such 
path clearly exceeds 
as n + cx). Thus, 
dWn>> y;y max 127, .( ( E3n3 (1 -E)n*-3n >> . 
It is easily seen that the right-hand side of this inequality is asymptotically equivalent 
to n* as n + cc. 
4. The forwarding diameters of the hypercube and the de Bruijn graphs 
The hypercube is well known. For convenience, we recall the definition of the de 
Bruijn graphs. The de Bruijn graph B(d,D) is the graph whose vertices are the words 
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of length D on an alphabet of d letters. Every vertex (x1,x2,. . . ,x0) is adjacent to ver- 
tices (A,xt,x2 ,..., xo_t) and (x2,x3 ,..., xg, v) where J>, v are any letters of the alphabet. 
Therefore the diameter of B(d, D) is D and its number of vertices is II = dD. 
We derive first some results that will be used for obtaining bounds for the forwarding 
diameters of these graphs. The proof of the following lemma can easily be done by 
induction. 
Lemma 4.1. Let F : R” H R’ be dejned by: F(xI,xz,. . . ,x,> = EYE, xf. Let D = 
{(XI,X2,...3 x,) E W : C:=, xi ad}, where d 30. Then 
%$F(x)=F(;,; ,..., ;) =f. 
The minimum is achieved by the vector x = ( f , i,. . . , f ) 
We recall that, for any pair of vertices u and v of a connected graph, we let d(u, v) 
denote the length of the minimal path between u and v. Let us recall the following 
result concerning the forwarding index of general graphs. 
Proposition 4.2 (Chung, Coffman, Reiman, Simon [l]). Let G be a connected graph 
of order n. Then 
6) 
1 xx(d(u,v) - 1)<4(G),<5,(G)b(n - l)(n - 2). 
n u P#U 
(ii) The equalities 
A x F;(d(u, v) - 1) = 5(G) = &n(G) 
n ” tl#U 
are true if and only if there exists a routing of shortest paths in G which loads all 
vertices equally. 
The next proposition gives bounds for the forwarding diameter of general graphs 
similar to the bounds for the forwarding index given in proposition 7.2. Let R be a 
routing that minimizes the forwarding diameter for a given graph G, i.e. the equality 
p(G) = pR(G) holds. We can suppose without loss of generality that if xy is an edge 
of G, then R(x, y) = xy and p~(x, y) = 0. 
Proposition 4.3. Let G = (V(G),E(G)) b e a connected graph of order n such that 
G # K,,. Then 
(i) 
(C, C,+(d(w) - l))2 
Mn- 11-2 IE(G) I> 
<p(G)<pm(G)<(n - l>(n - ‘2J2. 
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(ii) The equalities 
(c, C”~u(4wd - l))2 
P’G) = Pm(C) = n(n(n - 1) - 2 1 E(G) I) 
are true if and only {f there exists a routing of shortest paths in G which IOU& all 
vertices equally and which satisfies p~(x, y) = OR for every pair of non adjacent 
vertices x, y. 
Proof. Let R be a routing of G. Clearly, 
and since 
we have from lemma 7.1, 
(C,, C,.+#tw) - 1))2 
6 
n 
~PR(x,Y))<(@ - 1) - 2 I E(G) I)PR(G), (7) 
If? 
where n(n - 1) - 2(E(G)I is the number of pairs of nonadjacent vertices of G. 
The equalities (ii) are satisfied if and only if there exists a routing R of shortest 
paths which induces the same load on each vertex of G and, moreover, every pair 
x, y of nonadjacent vertices satisfies /JR(X, y) = OR. The following construction 
provides a non-trivial infinite family of graphs satisfying to this condition: For each 
odd n >5, let G, be the graph obtained from the cycle C,, with vertex set {xl, . . ..x.} 
by adding the arcs joining any pair of vertices at distance at least 3 on C,,. Let R = R, 
be a routing of G, defined by R,(xi,xj) = xixj for xi and xi adjacent in G, and by 
Rn(x;,xi+2) = xixi+lxi+2 (mod n), otherwise. 0 
It is easy to see that R, is a routing of shortest paths and that &G,) = S&G,,) = 
p(G,) = Pi = pR,(x, y) = 2 for every pair of nonadjacent vertices x and y. From 
the propositions above, we obtain the following corollary easily. 
Corollary 4.4. Let G be a connected graph of order n such that there exists a routing 
R qf shortest paths which gives the same load to all vertices of G. Then 
P(G)> 
n&G> 
n(n- l)-2 /E(G) I ’ 
Using this corollary and the fact that we have, with p = 2” standing for the number 
of vertices of the hypercube Qn, 
4CQn) = MQn> = ;plog, P - P + 1, 
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for a routing of shortest paths of Qn which induces a uniform load on the vertices (see 
[l]), we obtain the following proposition: 
Proposition 4.5. Let Q,, be a hypercube of diameter n, p = 2”. Then 
(1/2Pl%P- PS 1)2 
(P-1)-10&P 
G/dQn>6~m<Qn>G (;plog, P - P+ 1) (log, P - 1). 
We note that the asymptotic ratio of the obtained upper and lower bounds is 2. 
Proposition 4.6. Let B(d, D) be a de Bruijn graph of diameter D and of order n = dD. 
Then 
ilog;,_, &/@(d,D))<(D- l)nlogd (;) =nlog:(;). 
pvhere k = A. 
Proof. Let x be any vertex in B(d,D). Let ni be the number of vertices at a distance 
not greater than i from x. Since deg B(d, D) = 2d, we have 
ni<2d+2d(2d- 1)+.‘.+2d(2d- l)‘-’ = &[(2d - l)‘- l]<k(2d - l)‘, 
where k = d/(d - 1). 
Notice that we have k(2d - 1)’ <n/2 for id log,,_,(n/2k). 
The number of vertices at a distance greater than i from x is at least n/2. The total 
charge of the vertices is thus greater than n*/2 logzd_,(n/2k). Using Lemma 4.1 and 
the equality 
CPR(x,Y) = ~C2(Xjh (8) 
xiv ./=I 
we obtain 
and thus, 
,0(W) b 
n3 lo&-,(&) 
4iz(n - 1) 
3 ; [l%Zd-I (&)12. 
For the upper bound, in [l] a routing R = R(d, D) is given with the property that 
t~(B(d, 0)) dn log,( i) where n = dD. In this routing the length of the longest path is 
D. We have thus 
p(B(d,D))d(D - l)nlog, (J) = nlog; (f>. q 
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5. Comparison between the forwarding index and the forwarding diameter 
It seems to us that, in order to justify the transmission diameter as a useful addition 
to the forwarding index, the following questions are specially important 
l How much can the routing(s) minimizing < d8er from the routing(s) minimiz 
ing p’? 
l Let R< (resp. R,,) denote routings minimizing < (resp. 1). How much may ,u(&) 
differ from p(G) = ,u(R,,)? If these quantities are about equal, then we have gained 
nothing by introducing p. Let us see that this is in fact false in a very strong sense. 
Theorem 5.1. Let W,, denote the ,vheel on n + 1 aerticrs. The ratio 
tends to bzfinity with n. 
Proof. Let Rt be the optimal routing for the vertex-forwarding index of the wheel W,. 
Define 
B+1+& 
p=(fi-l)n- 2 -8, 
where fi satisfies 0 6B62, x = /k and 
In the routing R:, as defined in [2], the load of each vertex on the circumference is 
equal to 
and the load of the center is 
n(ll - 3 -~ 2p) - 1. 
Now, let us bound below the value of ,u for the routing Rc. 
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On the other hand, p(&) is not greater than the quantity (n - l)(n - 2) which corre- 
sponds to the shortest paths routing. We have thus, 
(5fi - 7)n3 mw-41))(n_ l)(n_2)’ 
AR/i) 
This ratio clearly tends to infinity with n. 0 
Remark, It is easy to display families of graphs other than the wheels for which the 
analogues of Theorem 2 holds. 
6. The forwarding diameter and routings of shortest paths 
In Theorem 5.1, p(G) is nearly minimized by a routing of shortest paths. It is 
therefore natural to ask what happens if we restrict our routings to use only shortest 
paths. Let R, = Re, denote any routing of shortest paths optimal for 5. We shall prove 
the following. 
Theorem 6.1, There exists an infinite sequence of graphs G1, . . . . G,,, . . . such that the 
ratio 
tends to injinity as n tends to injinity. 
Proof. For each n 3 13, let G,, denote the graph obtained by taking the vertex disjoint 
union of the wheel on n + 1 vertices ~1, ~2, .. . . u,,,c where c is the center and the 
complete graph on m = n(n - 5) vertices vi, ~2, .. . . v,(,_5) and adding the edges {Uiaj : 
l<i<n,(i-l)(n-5)+l<j<i(n-5)}.TheorderofG, isn(n-4)+1 andwehave 
clearly 
~(R~,G,)>tR,(c)>n(n - 5). (9) 
Let ds(ui,uj) denote the distance between the vertices Ui and Uj measured along the 
circonference of the wheel. Let us define a routing R = R, for G, as follows. 
_ R is symetric: RXY = Ryx,x, y E V(G), 
_ If the vertices x and y are adjacent then we set RXY = xy, 
- R,, = CusUj with s = [j/(n - 5)l. 
_ Consider any pair of indices i and j satisfying 3 d i - j <n/2. Then 
l If ds(ui,uj) = 2, then R,, = UiCUj, 
0 If dn(Ui,Uj)>,3, then R,, = Uivhvh’Uj, withh=(i-l)(n-5)+(j-i+2)and 
h’ = (j - l)(n - 5) + n - (j - i + 2), 
W. Fernandez De La 
l For UJj 6 E(G,,), 
- 5, O<q<n - 1. 
Immediate counts give: 
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define q and r such that j = (n - 5)q + r, with l<r<n 
Then R,,, = uiu(,-t )(n-S)+rUj. 
<R,(Ui) = 2(?I - 5), 1 bidn, 
<R,(vj) == 2n, 1 d&n, 
<R,(C) == 2n. 
Then, by choosing any two vertices Ui and uj with dB(u,, Uj) 3 3 we obtain 
~(G,)dl*(R,,G,)=~R,(Ui,~j)=4n. 
(9) and (10) imply 
A&, G,) , n - 5 
AG,) ‘4 
(10) 
which completes the proof. Notice that the routing which gave an upper bound for 
,u(G,) is a routing of shortest paths. 0 
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